In order to construct quantum [[n, 0, d] 
Introduction
Let F 4 = {0, 1, ω,ω} be the finite field with four elements, whereω = ω 2 = ω + 1. An additive F 4 -code of length n is an additive subgroup of F n 4 . An element of C is called a codeword of C. An additive (n, 2 k ) F 4 -code is an additive F 4 -code of length n with 2 k codewords. The (Hamming) weight of a codeword x of C is the number of non-zero components of x. The minimum non-zero weight of all codewords in C is called the minimum weight of C.
Let C be an additive F 4 -code of length n. The symplectic dual code C * of C is defined as {x ∈ F n 4 | x * y = 0 for all y ∈ C} under the trace inner product:
for x = (x 1 , x 2 , . . . , x n ), y = (y 1 , y 2 , . . . , y n ) ∈ F n 4 . An additive F 4 -code C is called (symplectic) self-orthogonal (resp. self-dual) if C ⊂ C * (resp. C = C * ). Calderbank, Rains, Shor and Sloane [3] gave the following useful method for constructing quantum codes from self-orthogonal additive F 4 -codes (see [3] for more details on quantum codes). A self-orthogonal additive (n, 2 n−k ) F 4 -code C such that there is no element of weight less than d in C * \ C, gives a quantum [[n, k, d] ] code, where k = 0. In addition, a self-dual additive F 4 -code of length n and minimum weight d gives a quantum [ 
code exists. It is a fundamental problem to determine the value d max (n, k) for a given (n, k). A table on d max (n, k) is given in [3, Table III] for n ≤ 30, and an extended table is available online [5] .
In this note, we construct self-dual additive F 4 -codes of length n and minimum weight d for codes for the (n, d) given in (1). These quantum codes improve the previously known lower bounds on d max (n, 0) for the above n. The data of these new quantum codes has already been included in [5] . All computer calculations in this note were performed using Magma [1].
2 Self-dual additive F 4 -codes from circulant graphs
A graph Γ consists of a finite set V of vertices together with a set of edges, where an edge is a subset of V of cardinality 2. All graphs in this note are simple, that is, graphs are undirected without loops and multiple edges. The adjacency matrix of a graph Γ with
, where a ij = a ji = 1 if {x i , x j } is an edge and a ij = 0 otherwise. Let Γ be a graph and let A Γ be the adjacency matrix of Γ. Let C(Γ) denote the additive F 4 -code generated by the rows of A Γ + ωI, where I denotes the identity matrix. Then C(Γ) is a self-dual additive F 4 -code [4] .
Two additive F 4 -codes C 1 and C 2 of length n are equivalent if there is a map from S n 3 ⋊ S n sending C 1 onto C 2 , where the symmetric group S n acts on the set of the n coordinates and each copy of the the symmetric group S 3 permutes the non-zero elements 1, ω,ω of the field in the respective coordinate. For any self-dual additive F 4 -code C, it was shown in [4, Theorem 6] that there is a graph Γ such that C(Γ) is equivalent to C. Using this characterization, all self-dual additive F 4 -codes were classified for lengths up to 12 [4, Section 5 ].
An n × n matrix is circulant if it has the following form:
Trivially, the matrix M is fully determined by its first row (r 1 , r 2 , . . . , r n ). A graph is called circulant if it has a circulant adjacency matrix. For a circulant adjacency matrix of the form (2), we have r 1 = 0 and r i = r n+2−i for i = 2, . . . , ⌊n/2⌋.
Circulant graphs and their applications have been widely studied (see [7] for a recent survey on this subject). For example, it is known that the number of non-isomorphic circulant graphs is known for orders up to 47 (see the sequence A049287 in [8] ). In this note, we concentrate on self-dual additive F 4 -codes C(Γ) generated by the rows of A Γ + ωI, where A Γ are the adjacency matrices of circulant graphs Γ. These codes were studied, for example, in [6] and [9] .
(n) denote the maximum integer d such that a self-dual additive F 4 -code C(Γ) of length n and minimum weight d exists. Varbanov [9] gave a classification of self-dual additive F 4 -codes C(Γ) for lengths n = 13, 14, . . . , 29, 31, 32, 33 and determined the values d Γ max (n) for lengths up to 33. For lengths n = 13, 14, . . . , 50, by exhaustive search, we determined the largest minimum weights d Γ max (n). In Table 1 , for lengths n = 34, 35, . . . , 50, we list d F 4 -codes C(Γ) with minimum weight 10 were constructed in [9] . For length 36, we found a self-dual additive F 4 -code C(Γ 36 ) of length 36 and minimum weight 11 (see Table 1 ). The weight distribution of the code C(Γ 36 ) is listed in Table 2 , where A i denotes the number of codewords of weight i. A self-dual additive F 4 -code is called Type II if it is even. It is known that a Type II additive F 4 -code must have even length. A self-dual additive F 4 -code, which is not Type II, is called Type I. Although the following proposition is somewhat trivial, we give a proof for completeness. Proposition 2. Let C(Γ) be the self-dual additive F 4 -code of even length n generated by the rows of A Γ + ωI, where A Γ is circulant. Let S be the support of the first row of A Γ . Then C(Γ) is Type II if and only if n/2 + 1 ∈ S.
Proof. It was shown in [4, Theorem 15 ] that the codes C(Γ) are Type II if and only if all the vertices of Γ have odd degree. For a circulant graph Γ, the degree of the vertices is constant and equals the size of the support S of the first row of A Γ . From (3) it follows that the size of the support S is odd if and only if r n/2+1 = 1, i.e., n/2 + 1 ∈ S.
Note that (3) also implies that the size of the support S of the first row of A γ is always even when n is odd, i.e., self-dual codes of odd length from circulant graphs cannot be Type II.
By Proposition 2, the codes C(Γ n ) (n = 38, 40, 42, 44, 46, 48, 50) are Type II. In addition, the other codes in Table 1 Table 3 . 
Sporadic lengths n ≥ 51
For lengths n ≥ 51, by non-exhaustive search, we tried to find self-dual additive F 4 -codes C(Γ) with large minimum weight, where Γ is a circulant graph. By this method, we found new self-dual additive F 4 -codes C(Γ n ) of length n and minimum weight d for For each self-dual additive F 4 -code C(Γ n ), the support of the first row of the circulant adjacency matrix A Γn is listed in Table 4 . Additionally, for n = 51, . . . , 55, 59, 60, 64, 65, 66, 69, 72, . . . , 78, 81, 82, 84, 88, 94, 100, we found self-dual additive F 4 -codes C(Γ n ) from circulant graphs matching the known lower bound on the minimum distance of quantum codes [[n, 0, d]]. For the remaining lengths, our non-exhaustive computer search failed to discover a self-dual additive F 4 -code from a circulant graph matching the known lower bound.
For the codes C(Γ n ) (n = 56, 57, 58, 63, 67, 70, 71, 79), we give in Table 5 part of the weight distribution. Due to the computational complexity, we calculated the number A i of codewords of weight i for only i = 15, 16, . . . , 19. As some basic properties of the graphs Γ n , we give in Table 6 the valency k(Γ n ), the diameter d(Γ n ), the girth g(Γ n ), the size ω(Γ n ) of the maximum clique and the order | Aut(Γ n )| of the automorphism group. With the exception of n = 53, the automorphism group is the dihedral group on n points of order 2n. Note, however, that the notion of equivalence for graphs and codes are different, i. e., the graph invariants are not preserved with respect to code equivalence [2] . By Proposition 2, the codes C(Γ 58 ) and C(Γ 70 ) are Type II. Finally, by the method in [3] , the existence of our self-dual additive F 4 -codes C(Γ n ) yields the following: 
